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Internal heatingAbstract The effect of vertical throughflow and internal heating effects on fluid saturated porous
medium under gravity modulation is investigated. The amplitude of modulation is considered to be
very small and the disturbances are expanded in terms of power series of amplitude of convection. A
weakly nonlinear stability analysis is proposed to study stationary convection. The Nusselt number
is obtained numerically to present the results of heat transfer while using Ginzburg–Landau equa-
tion. The vertical throughflow has dual effect either to destabilize or to stabilize the system for
downward or upward directions. The effect of internal heat source (Ri > 0) enhances or sink
(Ri < 0) diminishes heat transfer in the system. The amplitude and frequency of modulation have
the effects of increasing or diminishing heat transport. For linear model Venezian approach sug-
gested that throughflow and internal heating have both destabilizing and stabilizing effects for suit-
able ranges of X. Further, the study establishes that heat transport can be controlled effectively by a
mechanism that is external to the system throughflow and gravity modulation.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Natural convection (buoyancy driven convection, in which
gravitational force plays a main role) in fluid saturated porous
medium is of interest due to its importance in various practical
applications such as oil recovery process in petroleum indus-
try, geothermal energy extraction, and insulation of reactor
vessels. The above mentioned applications along with porous
media occur in many natural situations. In these applications
control of convective instability plays an important role. It is
fact that, one of the effective mechanisms which control
convective instability is to maintain a nonlinear temperaturegradient. Such a gradient may be achieved by the following:
time dependent heating or cooling at the boundaries, suitable
thermal and rotation modulation, vibrating the porous med-
ium periodically, volumetric distribution of internal heat
sources and radiative heat transfer.
A modified complex body force (gravity modulation) is
important when the system is under vertical vibrations. In this
case the density gradient is subjected to vibrations, and the
resulting buoyancy forces which are produced by the interac-
tion of the density gradient with gravitational field have a com-
plex spatiotemporal structures. The time dependent gravity
field is of interest in space laboratory experiments, in areas
of crystal growth and large-scale convection of atmosphere
other applications. Many theoretical and experimental studies
dealing with materials processing or physics of fluids under the
microgravity conditions aboard an orbiting spacecraft have
Nomenclature
Latin Symbols
A amplitude of convection
d amplitude of gravity modulation
d depth of the fluid layer
~g acceleration due to gravity
kc critical wave number
K permeability of porous medium
Nu Nusselt number
Pe Pe´clet number Pe ¼ w0djT
p reduced pressure
Ra thermal Rayleigh number, Ra ¼ bTgDTdKmjT
Ri internal Rayleigh number, Ri ¼ Qd
2
jT
R0 critical Rayleigh number
T temperature
PrD Prandtl Darcy number PrD ¼ /md
2
KjT
DT temperature difference across the porous layer
t time
ðx; zÞ horizontal and vertical co-ordinates
Greek symbols
bT coefficient of thermal expansion
d2 square of horizontal wave number d2 ¼ k2c þ p2
 perturbation parameter
jT effective thermal diffusivity
c heat capacity ratio c ¼ ðqcÞmðqcÞf
X frequency of modulation
l dynamic viscosity of the fluid
/ porosity
m kinematic viscosity, lq0
 
q fluid density
w stream function
s slow time s ¼ 2t
h phase angle
T0 perturbed temperature
Other symbols
r2 @2
@x2
þ @2
@y2
þ @2
@z2
Subscripts
b basic state
c critical
0 reference value
Superscripts
0 perturbed quantity
 dimensionless quantity
758 P. Kiranbeen carried out by Nelson [1]. According to Wadih et al. [2,3],
the vibrations can either substantially enhance or retard heat
transfer and thus drastically affect the convection. The effect
of modulated gravity on a convectively stable configuration
can significantly influence the stability of a system by enhanc-
ing or decreasing its susceptibility to convection. Gershuni
et al. [4] and Gresho and Sani [5] were the first to study the
gravity modulation on the stability of a heated fluid layer.
Their results show that the stability of the layer being heated
from below is enhanced by g-jitter and being heated from
below is enhanced by g-jitter. The instability of a viscoelastic
fluid layer heated from below in a modulated gravitational
field is studied numerically by Yang [6]. It is found that, mod-
ulation has a destabilization effect at low frequencies and a
slight stabilization effect at high frequencies, which increases
with increasing the amplitude of modulation. It is also pointed
that, for viscoelastic fluid acted on by a modulated gravity,
modulation has the same effects at both very low and very high
frequencies, as those of Newtonian fluids. Using Venezian
model the onset of convection in both fluid and porous layers
is investigated by Malashetty and Padmavathi [7]. It is found
that the low frequency g-jitter can have a significant effect
on the stability of the problem. The Darcy limit and viscous
flow limit are obtained as degenerate cases of the Brinkman
model. The boundary-layer flow induced by a constant tem-
perature vertical surface embedded in a vibrating porous med-
ium is studied by Rees and Pop [8]. The amplitude of g-jitter is
assumed to be small compared with the mean acceleration. It is
found that, the effect of g-jitter is eventually confined to a thin
layer embedded within the main boundary layer, but it
becomes weak at increasing distances from the leading edge.
A weakly nonlinear analysis in a porous medium under gravity
modulation is investigated by Govender [9]. It is found that,the vibration frequency causes the convection amplitude to
approach zero which means increasing the vibration frequency
stabilizes the system. Kuznetsov [10] investigated bioconvec-
tion in a shallow horizontal fluid-saturated porous layer that
contains a suspension of oxytactic bacteria, such as Bacillus
subtilis. It is found that, linear stability analysis indicates
g-jitter has a stabilizing effect on the suspension. Some of
the relevant and documented works on gravity modulation
are [11–15].
Several geophysical and technological applications involve
non-isothermal flow of fluids through porous media, called
throughflow where the basic flows not quiescently. In situ pro-
cessing of energy resources such as coal, geothermal energy, oil
shale and many practical problems often involves the through-
flow in the porous medium. The importance of buoyancy-
driven convection in such problem may become significant
when precise processing is required. Moreover, the through-
flow effect in such circumstances may be of interest because
of the possibility of controlling the convective instability by
adjusting the throughflow in addition to the gravitational force
due to gravity. Throughflow alters the basic state temperature
from linear to nonlinear with layer height, which in turn affects
the stability of the system significantly. It is found that the
throughflow is stabilizing if the bounding surfaces of the por-
ous layer are of the same type but destabilizing in one partic-
ular direction if the boundaries are not of the same type [16–
19]. However, it has been shown that the throughflow is desta-
bilizing even if the boundaries are of the same type if the por-
ous layer is heated internally [20] and also in the presence of an
additional diffusing component. The effect of throughflow on
the onset of convection in a horizontal porous layer for a New-
tonian fluid has been studied by Nield [21]. The effect of
throughflow and variable gravity field on thermal convection
Nonlinear throughflow and internal heating effects 759in a porous layer is investigated by Suma et al. [22]. The
Darcy–Forchheimer model was considered for insulating
boundaries. It is found that, stabilizing or destabilizing the sys-
tem depends on types of boundary conditions, direction of
throughflow and variable gravity field. Nonlinear throughflow
and g-jitter effects on porous medium for stationary and oscil-
latory mode of convection are investigated by Kiran [23,24].
Weakly nonlinear model was developed in order to study heat
and mass transfer across the porous layer, while deriving the
non-autonomous Ginzburg–Landau equation. The similar
problem for temperature modulation is studied by Kiran
[25]. Where three types of temperature profiles considered
and found that, when the boundaries are at out of phase mod-
ulation the heat or mass transfer is maximum. The stationary
mode nonlinear Darcy convection is investigated. Through-
flow and internal heating effect on onset of convection in a
porous medium is investigated by Vanishree [26]. The effect
of throughflow and internal heat generation on onset of con-
vection is discussed. It is also found that, the onset of convec-
tion may stabilize or destabilize depending on the direction of
the flow and internal heat generation.
In experiments like injection of the energy in a system is
controlled by the flow rate of fluid (since the granular materials
are dissipative injection of the energy is necessary to preserve
steady states). The system is in the fixed phase at low flow rate,
where particle rests at the bottom. When the flow rate exceeds
the critical value, the particles start moving, this state is called
the fluidized phase. These fluidized beds may be employed and
are created by throughflow through solid particles. Through-
flow is important for industrial applications in that it yields
a potential method to control the onset behavior of convec-
tion, since many practical problems involve more than a
Boussinesq approximation in the system of equations. The
aim of throughflow is to develop a nonlinear energy stability
analysis which yields unconditional stability bounds which
are closed to linear theory. It is quite important for under-
standing these nonlinear effects in nonlinear thermal instability
to finite amplitude convection.
The study of heat transfer with internal heat generation
arises at consideration of heat dissipation in porous layers
exposed to radioactive radiation at storage of nuclear waste
materials or transmitting high energy particle beams. There
are several situations where porous material offers its own heat
source and set up convective flow through the local heat gen-
eration. This kind of problem may occur through radioactive
decay, a relatively weak exothermic reaction which can take
place within the porous material. To be specific, it is the main
source of energy for celestial bodies caused by nuclear fusion
and decaying of radioactive materials, which keeps them warm
and active. Therefore, internal heating of is important in sev-
eral applications that include reactor safety analyses, geo-
physics, fire and combustion studies, metal waste form
development for spent nuclear fuel, and nuclear reactions,
nuclear heat cores, nuclear energy, nuclear waste disposals,
oil extractions and crystal growth. The heat transfer in a win-
dow for transmission of high-energy beams with a metal foam
porous layer is studied by Hetsroni et al. [27]. The image pro-
cessing of thermal maps on the surface of open-cell porous
layer revealed that, the boundary condition with constant heat
flux became more relevant for numerical model than those
with constant temperature at high values of Reynolds numbers
based on the permeability. It is also found that, heat transfer atnatural convection in the strip of metal foam was increased
drastically (up to 1820 times for metal foam of 20 ppi) relative
to the flat plate of the same overall dimensions. Bhadauria
et al. [28] performed a weakly nonlinear thermal instability
in a porous medium in the presence of internal heating and
gravity modulation. An amplitude of convection is derived
using Landau equation and found gravity modulation used,
to alter the heat transfer, whereas internal heating is to
enhance the heat transfer. The studies related to internal heat
generation were recently investigated by Bhadauria et al. [29]
and Saravanan [30].
It is observed that, in the literature many models being
implemented with throughflow for linear theory. But, for non-
linear models with modulation it is scary. It is due to Kiran
et al. [23–25] that, throughflow effects are considered under
gravity or temperature modulation. These are the first papers
which contribute the nonlinear throughflow effects under mod-
ulation using stationary and oscillatory mode of convections.
The conduction state temperature is nonlinear in terms of Pe´c-
let number which measures the strength of throughflow and it
affects the system through coupled equations of momentum
and energy. It is found that, this nonlinear throughflow has
duel effect on heat transfer in the system. Also three types of
temperature modulation are discussed and presented a signifi-
cant results for out of phase modulation. A linear stability
analysis is performed by Vanishree [26] to study the effect of
throughflow and internal heat generation on the preferred
mode of stationary thermal convection in a variable viscosity
liquid saturating an anisotropic porous medium. The results
are presented corresponding to the onset of convection. But,
unfortunately the nonlinear part is missing therefore heat
transfer analysis. With this concussion the present article is
motivated to continue the previous works of Kiran et al.
[25,39] and Vanishree [26] for nonlinear model. Hence the pre-
sent paper contributes nonlinear throughflow effects under
gravity modulation in the presence of internal heat source
and sink, while employing weakly nonlinear model.
2. Mathematical formulation
Consider an infinitely extended horizontal porous medium sat-
urated by Newtonian fluid, confined between two free-free
boundaries at z ¼ 0 and z ¼ d, and heated from below. The
temperature difference across the porous medium is kept at
DT. The Cartesian frame of reference is chosen, origin in the
lower boundary and the z axis in vertically upward direction.
The schematic diagram is given in the Fig. 1. Throughflow
has been considered in vertical, both upward and downward
directions. Further Darcy law and the Oberbeck–Boussinesq
approximation are considered, under these assumptions, the
equations which describe the flow model are given by Bhadau-
ria and Kiran [31]:
r:~q ¼ 0; ð1Þ
q0
/
@~q
@t
¼ rpþ q~g l
K
~q; ð2Þ
c
@T
@t
þ ð~q  rÞT ¼ jTr2TþQðT T0Þ; ð3Þ
q ¼ q0 1 bT T T0ð Þ½ : ð4Þ
The physical variable has their usual meanings and is given in
Nomenclature. For simplicity thermal expansion coefficient c
Figure 1 A schematic diagram of the problem.
760 P. Kiranis taken to be unity in this paper. The externally imposed ther-
mal boundary conditions and time periodic gravity field con-
sidered in this paper are:
T ¼ T0 þ DT
2
; at z ¼ 0
¼ T0; at z ¼ d ð5Þ
~g ¼ g0ð1þ d2 cosðXtÞÞk^; ð6Þ
where d and X represent the amplitude and frequency of grav-
ity modulation, respectively. The basic state is assumed to be
quiescent and the quantities in this state are given by:
qb ¼ ð0; 0;w0Þ; q ¼ qbðz; tÞ; p ¼ pbðz; tÞ; T ¼ TbðzÞ: ð7Þ
@pb
@z
¼ l
K
w0  qbg; ð8Þ
w0
@Tb
@z
¼ jT @
2Tb
@z2
þQðTb  T0Þ; ð9Þ
qb ¼ q0 1 bT Tb  T0ð Þ½ : ð10Þ
The basic state temperature Tb defined numerically by solving
the Eq. (9). The finite amplitude perturbations on the basic
state are superposed in the form,~q ¼ ~qb þ~q0; q ¼ qb þ q0; p ¼ pb þ p0; T ¼ Tb þ T0: ð11Þ
For two dimensional flow model the following stream function
introduced w as u0 ¼ @w
@z
;w0 ¼  @w
@x
. The non-dimensional
physical variables re-scaled as ðx; y; zÞ ¼ dðx; y; zÞ;
ðu; wÞ ¼ jT
d
ðu; wÞ; p ¼ ljT
K
p;X ¼ jT
d2
X t ¼ d2jT t; w ¼ jTw
;
T0 ¼ DT T. Substituting the Eq. (11) in Eqs. (1)–(4), and
using the basic state results, while eliminating the pressure
term, the following dimensionless governing equations arrived
(dropping the asterisk):
1
PrD
@
@t
ðr2wÞ ¼ r2w Ra gm
@T
@x
; ð12Þ
 dTb
dz
@w
@x
 r2 þ Ri  Pe @
@z
 
T ¼  @T
@t
þ @ðw;TÞ
@ðx; zÞ ; ð13Þ
where gm ¼ ð1þ 2d cosðXtÞÞ. The dimensionless parameters
which appear in Eq. (12) and (13) are given in Nomenclature.
The Eq. (13) shows the basic state solution and influences the
stability problem through the factor dTb
dz
, which is given by Eq.
(14). Assuming small variation in time, and re-scaling it as
s ¼ 2t, the stationary mode of convection is studied. The basic
state temperature appears in Eq. (13) is derived from the Eq.
(9) numerically and it is given by:
Pe
dTb
dz
¼ d
2Tb
dz2
þ RiTb: ð14Þ
The nonlinear system of Eqs. (12) and (13) may be written in
the following matrix form:
r2 gmRa @@x
 @Tb
@z
@
@x
 r2 þ Ri  Pe @@z
 
" #
w
T
 	
¼
 2
PrD
@
@s ðr2wÞ
2 @T
@s þ @ðw;TÞ@ðx;zÞ
" #
ð15Þ
The solution of the system Eq. (15), is evaluated by consid-
ering impermeable boundary conditions as given (Bhadauria
and Kiran [31]):
w ¼ 0 and T ¼ 0 at z ¼ 0;
w ¼ 0 and T ¼ 0 at z ¼ 1: ð16Þ3. Heat transport for stationary instability
The solution of the above system Eq. (15) is derived using an
asymptotic expansions (given by Malkus and Veronis [32]):
Ra ¼ R0 þ 2R2 þ 4R4 þ    ;
w ¼ w1 þ 2w2 þ 3w3 þ    ;
T ¼ T1 þ 2T2 þ 3T3 þ    ;
ð17Þ
where R0 is the critical value of the Rayleigh number at which
the onset of convection takes place in the absence of gravity
modulation. The above expansion was earlier used by Malkus
and Veronis [32] and Venezian [33]. Now the solution of the
system evaluated for different orders of .
3.1. Lowest-order system
This lowest order system is similar to linear model where the
nonlinear effects do not occur. At this order the system takes
the following form:
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 dTb
dz
@
@x
 r2 þ Ri  Pe @@z
 
" #
w1
T1
 	
¼ 0
0
 	
: ð18Þ
The solution of the lowest order system is subject to the
boundary conditions Eq. (16) is:
w1 ¼ AðsÞ sinðkcxÞ sinðpzÞ; ð19Þ
T1 ¼ 2kcI1ðd2  RiÞ
AðsÞ cosðkcxÞ sinðpzÞ; ð20Þ
where d2 ¼ k2c þ p2 and I1 ¼
R 1
0
dTb
dz
sin2ðpzÞdz. The critical
value of the Rayleigh number for stationary convection is
given by
R0 ¼ d
2ðRi  d2Þ
2k2cI1
; ð21Þ
and the corresponding wavenumber for the onset of convec-
tion is obtained while minimizing R0 with respect to k
2
c .
3.2. Second-order system
In this order the nonlinear effects enter through the Jacobian
terms where the interaction of the fluid motion and thermal diffu-
sivity take place. At this order the system take the following form:
r2 R0 @@x
 @Tb
@z
@
@x
 r2 þ Ri  Pe @@z
 
" #
w2
T2
 	
¼ R21
R22
 	
ð22Þ
where
R21 ¼ 0 ð23Þ
R22 ¼ @w1
@x
@T1
@z
 @w1
@z
@T1
@x
: ð24Þ
The second order solutions subjected to the boundary condi-
tions Eq. (16) is given by:
w2 ¼ 0; ð25Þ
T2 ¼ 2k
2
cpI1
ð4p2  RiÞðd2  RiÞ
A2ðsÞ sinð2pzÞ: ð26Þ
The horizontally averaged Nusselt number Nu, for the station-
ary mode of convection is determined numerically by using the
definition
NuðsÞ ¼ 1þ
kc
2p
Z 2p
kc
0
@T2
@z
 
dx
" #
z¼0
kc
2p
Z 2p
kc
0
dTb
dz
 
dx
" #
z¼0
ð27Þ
In the above Eq. (27) 1 indicates, heat transport in conduction
form and second term represents the heat transfer in convec-
tion form.
3.3. Third-order system
At this order the system takes the following form:
r2 R0 @@x
 @Tb
@z
@
@x
 r2 þ Ri  Pe @@z
 
" #
w3
T3
 	
¼ R31
R32
 	
; ð28Þwhere
R31 ¼  1
PrD
@
@s
ðr2w1Þ  R0d cosðXsÞ
@T1
@x
 R2 @T1
@x
; ð29ÞR32 ¼ @w1
@x
@T2
@z
 @T1
@s
: ð30Þ
Substituting the expressions of w1;T1 and T2 into Eqs. (29) and
(30), the expressions of R31 and R32 easily simplified. But, find-
ing the solution at this order is very difficult due to complexity.
The solvability condition being used for the existence of third
order solution, and consequently the Ginzburg–Landau ampli-
tude equation is derived for stationary mode of convection
with time-periodic coefficients in the following form:
A1
dAðsÞ
ds
þ A2AðsÞ  A3A3ðsÞ ¼ 0; ð31Þ
where A1 ¼ d2PrD 
2R0k
2
c I1
ðd2RiÞ2
, A2 ¼ 2k
2
c I1
ðd2RiÞ ðR2 þ R0d cosðXsÞÞ;A3 ¼
4R0p2k
4
c I1
2ðd2RiÞ2ð4p2RiÞ
. The Ginzburg–Landau equation given by Eq.
(31) is a Bernoulli equation and obtaining its analytical solu-
tion is difficult due to its non-autonomous nature. So that it
has been solved numerically using the in-built function
NDSolve of mathematica subjected to the initial condition
Að0Þ ¼ a0, where a0 is the chosen initial amplitude of convec-
tion. Without loss of generality R2 ¼ R0, is assumed in the cal-
culations and this is done to keep the parameters to a
minimum. For unmodulated case, the analytical solution of
the above Eq. (31) takes the form:
AðsÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A3
A2
þ C1Exp  2A2A1 s
h i r ; ð32Þ
where A1;A3 same as in Eq. (31), A2 ¼ 2k
2
c I1R0
ðd2RiÞ and C1 which
appears in Eq. (32) is an integration constant, can be found
by using suitable initial condition.
4. Linear stability
For linear stability analysis the nonlinear terms excluded from
the Eqs. (12) and (13) thus obtain the linear model in the fol-
lowing form:
r2 1
PrD
@
@t
 1
 
w ¼ Ra gm
@T
@x
; ð33ÞIB
@w
@x
¼ @
@t
r2 þ Ri þ Pe @
@z
 
T: ð34Þ
Eliminating T from the above equations we get single equation
for w in the form:
r2 1
PrD
@
@t
 1
 
@
@t
r2 þRi þPe @
@z
 
w IB Ra gm
@2w
@x2
¼ 0;
ð35Þ
where the gravity modulation term takes the form
gm ¼ 1þ  cosðXtÞ for linear case.
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We obtain the perturbation technique to obtain eigen func-
tions w and eigen values Ra by introducing a small perturba-
tion parameter  (Venezian [33]).
w ¼ w0 þ w1 þ 2w2 þ   
Ra ¼ Ra0 þ 2Ra2 þ   

ð36Þ
Substituting the equation Eq. (36) into equation Eq. (35) the
system will be solved for every order of .
4.2. Zeroth order system
The marginally stable solutions will be considered of the fol-
lowing form
w0 ¼ sinðaxÞ sinðpzÞ: ð37Þ
Since w is independent of y therefore a is the wave number in x
direction, the corresponding eigen values are given by
Ra0 ¼ d
2ðd2 þ RiÞ
a2IB
; ð38Þ
where d2 ¼ p2 þ a2 and IB ¼
R 1
0
dTb
dz
sin2ðpzÞdz. In the absence
of internal heat, the expression of Ra0 similar with the result
of Kiran et al. [24,25].
4.3. First order system
At this order we obtain the following relation:
Lðw1Þ ¼ IBRa0 cosðXtÞ
@2w
@x2
; ð39Þ
where L ¼ r2 1
PrD
@
@t
 1
 
@
@t
r2 þ Ri þ Pe @@z
  @2
@x2
. The
solution of the homogeneous equation corresponding to the
equation Eq. (39), one must have a term which is orthogonal
to sinðaxÞ sinðpzÞ. Note that we already apply the theory of
minimal Rayleigh number therefore right hand side of equa-
tion Eq. (39) is complete orthogonal function to
sinðaxÞ sinðpzÞ. Using L operator it is found that
L½sinðpzÞexpðiaxþipziXsÞ ¼ LðXÞ sinðpzÞexpðiaxþipziXsÞ; ð40Þ
L½X ¼ d2 1
PrD
ðiXÞ  1
 
iXþ d2 þRi Peip
 þ IBRa0a2;
ð41Þ
The solution for w1 will be derived by inverting the operator L
in the following form
w1 ¼ IBRa0a2w0 cosðXtÞRe
LðXÞ
jLðXÞj2
" #
; ð42Þ
where LðXÞ is the complex conjugate of LðXÞ.
4.4. Second order system
At this order the following relation is obtained:
Lðw2Þ ¼ IBRa2a2w0 þ IBRa0a2 cosðXtÞw1: ð43Þ
We will not solve the Eq. (43), but using this equation we
determine Ra2. For the existence of a solution of theEq. (43), it is necessary that, the steady part of its right hand
side must orthogonal to sinðaxÞ sinðpzÞ. This gives,Z 1
0
Z p
a
0
fIBRa2a2w0 þ ðIBRa0a2Þ2gcos2ðXtÞ
h iRe½LðXÞ
jLðXÞj2 dxdz;
ð44Þ
where the upper bar denotes the time average,
Ra2 ¼ IBðRa0aÞ
2
A
2ðA2 þ B2Þ2
: ð45Þ5. Results and discussion
The combined effect of gravity modulation and vertical
throughflow is investigated in the presence of internal heat
source and sink. Both linear and weakly nonlinear theories
are investigated. A weakly nonlinear study investigates heat
transfer analysis and linear model investigates onset convec-
tion in the medium. Firstly the result related nonlinear theory
will be discussed. The gravity modulation is assumed to be of
third order Oð2Þ, which means only small amplitude of gravity
modulation is considered. This assumption will help us in
obtaining the amplitude equation of convection in simple
and elegant manner and is much easier to obtain than Lorenz
model. The purpose of weakly nonlinear theory is to study
heat transfer, which is not possible in linear theory. External
regulations (like thermal, gravity, rotation, and magnetic field
modulations) of the current problem is important due to its
numerous applications in thermal and engineering sciences.
The objective of the problem is to consider, gravity modulation
and vertical throughflow for either enhancing or diminishing
heat transfer. Since the porous medium is assumed to be clo-
sely packed, the Darcy-model is considered in momentum
equation. The additional important topic is internal heat
source or sink which was realized by energy equation. This
concept is most important where the system offers its own
internal heat generation. The moderate values of Ri are consid-
ered due to its dominant effect on convection.
The values of PrD may consider (modern porous medium
applications, such as mushy layer in solidification of binary
alloys and fractured porous medium) around 1, and also for
low porosity medium, the large values considered for PrD.
The values of d and X are considered to be small. For small
values of amplitude and frequencies, the heat transfer can
reach the maximum. The numerical results for Nu obtained
from the Eq. (27) in connection with amplitude Eq. (31), and
the results have been presented in Figs. 2–4. The effect of each
parameter on heat transport is shown in Figs. 2–4 where the
plots of Nusselt number Nu versus X are presented. It is found
from the figures that the value of Nu oscillates maximum for
low frequencies and further values of X no oscillations can
be observed, which means that, low frequencies of modulation
enable the system to convect faster. The oscillatory nature of
the figures is due to modulation only.
Let us discuss the results of gravity modulation: in Fig. 2
the results corresponding to Pe´clet and internal Rayleigh num-
ber present. The effect of Pe on heat transfer is investigated for
the cases of upward and downward directed flows. The upward
throughflow (also known as pro-gravity) ðPe > 0Þ, given in
Fig. 2a has destabilizing effect whereas downward throughflow
Figure 2 Effect of Pe and Ri on heat transport.
Figure 3 Effect of PrD and d on heat transport.
Figure 4 Comparison between modulated and unmodulated
system.
Nonlinear throughflow and internal heating effects 763(also known as anti-gravity) ðPe < 0Þ, given in Fig. 2b has sta-
bilizing effect. The related results for linear theory are due to
Vanishree [26], this is because of temperature dependence of
viscosity. When Pe varies in either directions the nonlineartemperature distribution significantly matters at conduction
state and there is significant or drastic variation in the energy
supply to the disturbance. The corresponding results are also
obtained by Nield [21] in the case of fluid layer for small
amount of throughflow. The present results are computable
with the results obtained by Shivakumara et al. [19] and Suma
et al. [22]. Shivakumara et al. [19] pointed that, the destabiliza-
tion effect may be due to the distortion of basic state temper-
ature distribution from linear to nonlinear throughflow. The
corresponding results of throughflow under modulation the
reader may look at the articles [25,26]. It is noted that, for non-
linear theories Pe has duel effect [25] but, for linear case jPej
only stabilizing effect [26], the reason could be guessed as the
finite amplitude interaction in the fluid flow through coupled
formation of momentum and energy equations.
The effect of the internal Rayleigh number Ri, for both heat
source and heat sink cases, on heat transfer presented in
Fig. 2c for heat source and Fig. 2d for heat sink. The reason
behind internal heat is that, for many industrial and chemical
experiments during their process the system may release or
764 P. Kiranabsorb energy in such a situation one needs understand how to
control these fluctuations in the system. It is given figures that
positive values of Ri (heat source) increase or negative values
of Ri (heat sink) decreases the heat transfer in the system.
The reader may refer [13,26–31] for internal heat generation.
In Astrophysics provides an example of internally driven con-
vection for uniformly heated medium. In the cores of stars heat
is produced by thermonuclear reactions. In such situation the
heating rate is very sensitive to temperature, and this sensitiv-
ity creates steep thermal gradients that drive powerful convec-
tion in the cores (Kippenhahn et al. [36]). Clearly, this and
many other instances (related space science) of internally dri-Figure 5 Streamlines and Isotherms for
Figure 6 Isothermas for s ¼ 4:0ven convection contain more complications. It is observed
that, for low porosity medium, large values [29] considered
for PrD. The Nusselt number Nu increases with PrD showing
heat transfer increases (see Fig. 3a). The results could be
gained for lower values of Prandtl Darcy number. The related
articles which presents the results corresponding to heat trans-
fer in a porous medium under modulation may be observed in
the following studies [12,13,31].
From the Figs. 2–4, it is observed that as increase X
decreases the magnitude of Nu, and so the effect of frequency
of modulation on heat transport diminishes heat transfer. At
high rates of frequency, the gravity modulation on thermalPe = 0.3, Ri ¼ 1:0 PrD ¼ 100  ¼ 0:5.
Ri ¼ 1:0 PrD ¼ 100  ¼ 0:5.
Nonlinear throughflow and internal heating effects 765instability disappears altogether. The above results agree quite
well with the linear theory of Venezian [33] for temperature
modulation, where the correction in the critical value of Ray-
leigh number due to thermal modulation becomes almost zero
at high frequencies. The results for gravity modulation on
weakly nonlinear studies see [7,11,23–29]. In general the fre-
quency of modulation shortens the wavelength and minimizes
the magnitude of Nu, due to this reason heat transfer reduces.
It is quite intrusting to see even this frequency of modulation
play critical role in controlling chaos [24]. The effect of ampli-
tude of modulation is presented in Fig. 3b, and it is found that
heat transfer increases as d increases. Hence amplitude of mod-
ulation is to enhance the heat transfer. The comparison
between modulated and unmodulated case is presented in
Fig. 4. It is found that gravitationally modulated system flows
transport less heat transfer than unmodulated systems the cor-
responding results obtained from the studies of [34,35]. The
effect of magnetic field [37] modulation and rotational speed
[38] modulation on thermal instability shows similar results
for modulated systems. It is to be noted that, the analytical
solution for unmodulated case obtained from the Eq. (32).
Finally the nature of stream lines and corresponding iso-
therms presented in Figs. 5 and 6. Fig. 5 shows the variation of
stream lines and isotherms at different instants of times, respec-
tively. Fig. 5 shows the magnitudes of stream lines increase as
time increases. Also, initially the isotherms are flat and parallel,Figure 7 Variations of Ra2 with X forthus heat transport is due to conduction only. However, as time
increases, isotherms form contours, showing convective regime
is taking place, after reaching certain instant there is no change
in themagnitude of stream lines and isotherms, thus showing the
steady state. In particular Fig. 6 is drawn to see the effect of
throughflowon isotherms.While strengthening the throughflow
there forms a boundary layer at the bottomplate, then the signif-
icant resultsmay observe at corresponding isotherms, where iso-
therms are missing at the bottom plate due to throughflow
disturbances. The reasonwould be, when there is flow at the bot-
tom plate there may not be stream line flow due to heavy bound-
ary layer and hence the nature of the Fig. 6.
In order to make the article self contained the results corre-
sponding to linear theory also presented in Fig. 7. It is exam-
ined that, how this correction Rayleigh number Ra2 affected
by the modulation frequency X. Analytical study of gravity
modulation on onset of thermal convection in a porous layer
using Venezian approach is presented. The regular perturba-
tion method based on small amplitude of modulation is
employed to compute the critical value of Rayleigh number
and wavenumber. The expression for the critical correction
Rayleigh number Ra2 is computed as a function of the fre-
quency of modulation X. The sign of Ra2 characterizes the sta-
bilizing or destabilizing effect of modulation. A positive Ra2
indicates that the modulation effect is stabilizing while a neg-
ative Ra2 indicates destabilizing effect.different values of PrD, Pe and Ri.
766 P. KiranIn Fig. 7a the effect of DarcyPrandtl number PrD on the
stability of the system is displayed. It is found that the magni-
tude of critical correction Rayleigh number Ra2 decreases pos-
itively with increasing PrD when frequency is small. However,
the trend reverses for moderate and high frequency. Therefore,
increase of DarcyPrandtl number enhances the destabilizing
effect of gravity modulation when frequency is small whereas
it enhances the stabilizing effect of modulation for moderate
and high frequency. The results of the present model may be
compared with the studies of Malashetty and Padmavathi
[7], Vanishree [26] and Kiran et al. [39]. Fig. 7b presents result
corresponding to internal Rayleigh number Ri, as Ri increases
positively (heat source), jRa2j decreases positively when Ri ¼ 1
and 2. When Ri > 2 the value of jRa2j increases negatively
show destabilizing effect. But, for heat sink (Fig. 7c) i.e. when
Ri < 0 the magnitude of Ra2 increases showing stabilizing
effect of the system. In Fig. 7d and e, the effect of throughflow
is presented. For up-directed flow Pe > 0 the value of jRa2j
decreases positively showing destabilizing effect. While for
inflow the value of jRa2j negative for lower values of X and
decreasing the value of jRa2j showing stabilizing effect. Fur-
ther moderate values of X the stabilizing effect is more and
jRa2j approaching to zero. The result related to linear theory
may be compared with the studies of Kiran et al. [39].
6. Conclusions
The effect of gravity modulation and vertical throughflow on
Be´nard–Darcy convection is investigated for linear and weakly
nonlinear studies. The porous medium is internally heated.
The Ginzburg–Landau model used for weakly nonlinear the-
ory and Venezian approach is used for linear theory. The fol-
lowing conclusions are drawn on previous analysis:
1. Effect of PrD is to enhance the heat transport for lower val-
ues of X and diminishes for large values of X.
2. Effect of anti-gravity flow Pe> 0 increases heat transfer
and pro-gravity flow Pe< 0 diminishes heat transfer.
3. Upon increasing d, heat transport increases.
4. Upon increasing the value of frequency of gravity modula-
tion X, the amplitude of convection decreases, thus effect of
g-jitter becomes negligible at higher values of X.
5. The magnitude of streamlines increases with time and
archives maximus size for further values of time.
6. Initially isotherms are flat due to conduction state, becomes
contour showing the convective regime.
7. Low frequency of g-jitter shows its maxim either stabilizing
or destabilization effect but, high frequency stabilizes the
system.
8. Heat source (Ri > 0) and anti-gravity flow (Pe > 0) have
destabilizing effect, heat sink (Ri < 0) and pro-gravity flow
(Pe < 0) have stabilizing effect on the system.
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